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A method is given for extrapolating thermal data to high pressures. A 
comparison is made of extrapolated and experimental vatues of the 
specific volumes of ten substances. 

A n u m b e r  of papers  has been d e v o t e d t o t h e p r o b l e m  
of ext rapola t ing t h e r m a l  p roper t i es  of subs tances  to 
high t e m p e r a t u r e s  [11, 12, 14]. However, no  methods 
have as yet  been  found p e r m i t t i n g  re l i ab le  ex t r ap -  
olat ion to high p r e s s u r e s .  

It is known that the constants  of exis t ing equations 
of s tate  depend on the method of conputation. For  
in te rpo la t ion  of t es t  data the methods chosen a re  
those which bes t  sa t is fy  the avai lable  tes t  points. As 
a rule ,  however,  these equations give un re l i ab l e  
values  of the ext rapola ted  quant i t ies .  It is  c l ea r  that 
be t t e r  r e su l t s  may be achieved by t rea t ing  the p rob lem 
of ex t rapola t ion  as an independent  one, and de t e r mi ne  
the constants  as those giving the bes t  desc r ip t ion  of the 
P, V, and T p rope r t i e s  within the l imi t s  of expe r i -  
ment .  It is expedient  to de te rmine  these  condit ions as 
follows. Let y(x) be an expe r imen ta l  i so therm,  ~(x, 
C o , . . . ,  Cn) be a fami ly  of approximat ing  curves  c o r -  
responding to some equation of s tate  or other. We 
shal l  des ignate  by x 0 the point  up to which the ex-  
p e r i m e n t a l  data exist .  Then, 

V(Xo, Co . . .  c,,) = v (Xo), 
t 

(Xo, c o . . . c ~ )  = v'  (Xo), 
. . . . . .  . . . . . 

-(n--D 
y (xo, Co. - .C~) = y(n-~) (x0), 

r  (Xo, C o . . . c ~ )  = vc ~) (Xo), (1) 

i. e . ,  the approximat ion  and expe r imen ta l  funct ions 
have a common  tangent ,  cu rva tu r e ,  e t c . ,  at the point  

X 0 �9 

It should be noted that these  a re  the only condi -  
t ions which co r re spond  equal ly to the known par t  of 
the i so the rm and the unknown par t  on both s ides  of 
the point x 0. 

Calculat ion of the cons tan ts  Co, C1 . . . . .  C n in -  
volves de t e rmina t i on  of h i g h - o r d e r  de r iva t i ve s  f rom 
the  tabulated expe r imen ta l  data,  and we know that 
these de r iva t ives  a r e  not de t e rmined  exact ly.  Never -  
the less ,  the cons tants  Co, C1 . . . . .  C n may be d e t e r -  
mined with cons ide rab ly  g r e a t e r  accu racy  than the 
e r r o r s  in the de r iva t ives  would dic ta te .  

w e  shal l  a s s u m e  that the equal i t ies  (1) hold. 

Solving (1) re la t ive  to the cons tants  Co, C1, . . . .  Cn, 
we obtain 

Co : r v(xo), v'  (Xo) . . . . .  r  (x0)], 

C1 = ~ [xo, V(xo), V'(Xo) . . . . .  V <~) (Xo)], 
. . . . . .  . . . . . . . . . . .  

cn = ~ .  [Xo, v (Xo), v'  (Xo) . . . . .  v (n) (xo)l. (2) 

If the las t  equation of (1) is dropped, the quant i t ies  
C i, apar t  f rom x 0 and the der iva t ives ,  will  depend on 
C n and on the p a r a m e t e r  

c~ = ~[Xo, V(Xo), v ~ (Xo) . . . . .  v( ~ - ,  (x,), Cnl. (3) 

Replacing x 0 in (3) by x and subs t i tu t ing  the value of 
C n calcula ted f rom (2), it is easy  to show that 

The funct ions 

d ~  =0. (4) 
dx x=x~ 

Ci = r [Xo, y (xo), 

V'(xo)  . . . . .  V(n-k) (xo), Cn-~+l . . . . .  Cn], (5) 

have the same  proper ty ,  where  Cn-k+ 1 . . . . .  C n are 
ca lcula ted  f rom (2), 

As an example,  we shal l  examine  the Bi ron  i s o -  
t he r m  equation [8] 

(P + C) (V -- A) = B. (6) 

It has th ree  cons tan t s - -A ,  B, C. In this case (1) has 
the form 

[B/(Po + C)] + g = V (Po), 

B dV [ = Y' (Po), 
(Do + C) 2 dP IP=P~ 

2B dW P=P~ 
(Po + C) 3 d P~ = V" (Po). (7) 

Solving (7) re la t ive  to cons tant  C, we obtain 

Co = P + 2V' (Po)/V" (Po). (8) 

Solving the f i r s t  two equat ions of (7) re la t ive  to A, for 
example ,  we have 

A = SB[Po, ,V (P0), V' (Po), CI = (P0 + C) V' (Do) + V (P0). (9) 

It follows f rom (4) that 

d ~13dP p_p = [(P + Co) V' (P) + V (P)]' = (10) 

There fo re ,  the funct ion CB has an ex t r eme  value at the 
point P = P0. If C o has been  d e t e r m i n e d  inaccu ra t e ly  
because  of inaccura t e  de t e r mi na t i on  of the second de-  
r iva t ive  V"(P0), it is c l e a r  that the ex t r eme  value of 
funct ion CB wil l  not be at the point P0, but at some 



JOURNAL OF ENGINEEKING PHYSICS '221 

Table 1 
Values of Specific Volume of Liquid Propylene with t " 66 ~ C, P0 : 700 atm 

(P, atm; V, anaagat) 

1000 
1500 
2000 

Vexp from [2]! 

0. 003194 
0,003036 
0.002920 

Vtheo r from (6) 
the author'slby the method 

by method [ leas_~t squares of 

J 
O. 003195 I 0,003185 
0.003042 ] 0.003077 
O. 002043 I O, 003017 

by the author's by the method of 
method least squares 

+0.03 
:0.20 
i0.80 

--0.28 
1.37 
3.35 

Table 2 

Values of Specific Volumes of Ethyl Alcohol and Propylene  (P, atm; V, amagat)  

P Vexp 
Vcalc ] 5, % 

according to (6) I according to (15) 1 according(6) to according(! 5) __t~ 

e t h y l a l c o h o l [ l ] , t = O ' C  

1000 0.9344 0.9347 0.9345 +0 .03  O.ffd 
2000 0.8954 0,8980 0.8956 +0 .29  +0 .02  
3000 0.8679 0,8740 0.8688 +0 .69  +0 .10  

propylene [ 2 ] , t =  I O 0 " C  

1000 
1500 
2000 
2300 

0.003316 
0.003126 
0.002993 
0.002936 

0.003318 
0,003145 
0.003040 
0.002995 

0,003313 
0.003124 
0.003003 
0.002948 

+0 .06  
+0.61 
+1 .57  
+2 .04  

--0.10 
--0.07 
-=0.34 
~' 0.42 

986 9 
1935.7 
2903.5 
3871.4 
4839.2 
5807.0 

P 

500 
700 
900 

1000 

Table 3 
Compar i son  of Ext rapola ted  Values of Specific Volumes of Substances  with 

Exper imenta l  Values (P, atm; V, amagat)  

Vexp 

0.9734 
0.9439 
0.9201 
0.8997 
0.8824 
0.8668 

Water [ 7 ] Methyl alcohol [ 1 ] 

/=50 ~ C, Po=690.8 l = O  ~ C, Po=700 

8,% 

from (15) ] from (12) 1 

0.00 0.00 
+0 .04  +0 .03  
+O.Ol +O.Ol 
+0.06 0.00 
+0 ,09  --0.07 
+0 ,22  --0,08 

mean 

0.00 
+0.03 
+O.Ol 
+o.o3 
+O.Ol 
+0.07 

1000 
2000 
3000 

8,% 
Vexp fron{ from 

(15) (12) 

0.9324 --0.01 0.00 
0.8923 --0.03 +0,07 
0.8640 +0.03 +0.13 

, u  

m e a n  

0.00 
+0.02 
+0,08 

Propylene [2] 

Vexp 

0.003662 ] 
0.0034891 
0.003367! 
0.003316: 

t=lO0 ~ C, Po=300 

~,% 

from (15) from (12) 1 mean 

--0.05 [ .03 
+0 .09  200.05 
+0 .45  --0.18 
+0 .70  --0.24 

--0,01 
+0 .02  
+0 .14  
- -0.23 

1000 
1500 
2000 
2500 

t=150 ~ C, Po=700 

6,% 
Vexp from from 

(15) (12) 1 mean 

0.003505 --0.11 +0 .03  --0.04 
0.003267]-~- 0,031+0,061 +0 .05  
0 003115 + 0  2 6 - 0  13 +0 .07  

1oo3olo-o151-o13  .-o.o7 o 
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Fig.  1. The function CB for  hexane [5] on the i s o t h e r m  
50 ~ C for  va lues  of C of: 1) 1694; 2) 2662; 3) 3629. P) 

p r e s s u r e ,  atm. 
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Fig.  2. The f u n c t i o n s - r  (continuous l ines)  and @B 
(broken l ines) :  1) p ropy l ene  [2] at t e m p e r a t u r e  100 ~ 
C; 2) e thyl  a lcohol  [1] at  t e m p e r a t u r e  0 ~ C. P in atm. 
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Fig.  3. 'The funct ions CT: 1) e thyl  a lcohol  [1] on the 
i s o t h e r m  0 ~ C; 2) hexane [5] on the i s o t h e r m  50 ~ C. 

P in a tm.  
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Table 4 

Range of Extrapolat ion A p  Within Which the Deviations of the 
Extrapolated Values of Specific Volumes from the Exper imen ta l  

Values Do Not Exceed • 

&P, aim 1 Substance t, *c P0, aim t. :c Po, aim &P, a im Refer- 
eDCe 

80 1000 4000 
80 1000 4000 

Methyl alcohol 
Ethyl alcohol 
A c e t o D e  
Diethyl ether 
Water 
Hexane 
Heptane 

Propylene 

Ethylene 
Nitrogen 

0 
o 

50 
5O 
U5 

137.78 
66.3 

100 

700 
700 
700 
700 
690.8 
967.8 
967.8 
272.2 
700 
300 
590 
800 

2300*) 
2300*) 
2300") 
2300') 
5300") 
3000 
5000 
400*) 

1300") 
700 

1400 
600 

23Z8 

100" 
150 

272.2 
272.2 
700 
700 

400*) 
400*) 

1600 
1800 

tll 
Ill 
[11 
Ill 
17b 
151 
151 
191 
121 
121 
131 
[4i 

*The range shown is incomplete because of insufficient experimental data. 

other point. In o ther  words ,  as p a r a m e t e r  C changes ,  
the ex t r eme  value will  move along the P axis. This 
fact may be used to improve  the accuracy  of the value 
of C, by co r r ec t i ng  it so that the e x t r e m u m  will  c o r -  
respond to point P0. Subst i tut ing the value of C obtained 
into (9), we find A. It follows f rom (5) that the function 

B =,: v 8 (P, V, Ao, Co) :~ (P q- Co) (V -= Ao) (11) 

also has an e x t r e m u m  at the point P when C O and A 0 
a re  co r r ec t l y  de te rmined ,  which makes  poss ib le  a 
secondary  c o r r e c t i o n  of constants  A and C without 
r e c o u r s e  to the d i f fe ren t ia t ion  table.  

Two equat ions have been  inves t iga ted  in this paper:  
the Bi ron  equat ion (6), and the Tate equat ion [101; the 
l a t t e r  has the form 

V--  Kln(P- t  L) -:E, (12) 

where  K, L, and E a re  cons tants .  These  equations 
give a good desc r ip t ion  of the t h e r m a l  p rope r t i e s  of 
l iquids ,  while having a s m a l l  n u m b e r  of cons tan t s ,  
which fac i l i ta tes  cor rec t ion .  The inves t iga t ion  was 
c a r r i e d  out accord ing  to expe r imen ta l  t h e r m a l  data 
for ten  subs tances :  methyl  and ethyl alcohol,  acetone,  
diethyl  ether ,  water ,  hexane,  heptane,  propylene ,  
e thylene,  and ni t rogen.  

It may be seen f rom Fig. 1 that the ex t r eme  values  
in the given case a re  maxima .  A s i m i l a r  conf igu ra -  
t ion ~ is a l so  typica l  for  the other  subs tances .  Points  
of inf lect ion c o r r e s p o n d  to ex t r eme  values  of the f unc -  
t ion v B. 

A c o m p a r i s o n  is made in Fig. 1 of ex t rapola ted  
va lues  of specif ic  vo lumes  of l iquid propylene  at 
t e m p e r a t u r e  66 ~ C with the tes t  data of Miehels et 
al [2]. The ca lcu la t ion  was c a r r i e d  out accord ing  to 
(6), whose cons tants  were  d e t e r m i n e d  by the above-  
men t ioned  method with P0 = 700 a im,  and b y t h e m e t h -  
od of leas t  squa res ,  taking into account  all  avai lable  

e x p e r i m e n t a l  points  f rom p r e s s u r e  35.78 to 788.4 atm. 
Table 1 shows the advantages  of the proposed 

method of d e t e r m i n i n g  the cons tan t s  for  ex t rapo la t ing  
t h e r m a l  data. A s i m i l a r  r e su l t  is a lso obtained for  

the other subs tances .  It is evident that the ex t r apo la -  
t ion in te rva l  wil l  depend on how closely contiguous 
the exper imen ta l  i so therm and the approximat ing  
function are ,  i . e . ,  on the s ize  of the hor izonta l  par t  
of the ~ - P  graphs .  This  pa r t  may be cons iderab ly  
en la rged  by adding to the function ~B of equation (6) 
the t e r m  IA - mV] /n ,  in which m is de t e rmined  f rom 
the re la t ion  A - mV = 0. Ver i f ica t ion with the ten  
subs tances  showed that  the quant i ty  n may be a s sumed  
equal t o 3  for  P0 < 900 atm, a n d 4  for P0 >900 atm, 
independent ly  of t e m p e r a t u r e  and the na ture  of the 
substance.  Equating the funct ion 

~;B -- ~B § IA - -  mVI/n (13) 

to the constant  A, we obtain a new approximat ing  
function 

dV ]A - -  mV] 
(P q-C) - ~ -  q - V - ~  n - -  -- A, (14) 

which af ter  in t eg ra t ion  takes the form 

(p + C) ( ~ v -  ~)';"~ = B (15} 

The cons tants  of (15) a re  connected with those of (6) 

by the re la t ions  

=: lq- re~n; A = ( lq -1 /n)A  when V > V0, 

~t = l - - m / n ;  A -- ( l - -1 /n)  A when V -~ V0. 

Equat ion (15) t r a n s f o r m s  into (6) when p -- 1. 
The funct ions  ~B, and ~B for  propylene  and ethyl  

alcohol a re  shown in Fig. 2, and a c o m p a r i s o n  is 
made  in Table  2 of the ex t rapola ted  specif ic  vo lumes  
of the same  subs t ances ,  ca lcu la ted  accord ing  to (6) 
and (15), with the expe r imen ta l  data for  P0 = 700 atm. 
It may be seen  f rom the table  that the ex t rapo la t ion  
in t e rva l  of (15) is en l a rged  to s e v e r a l  thousand a t -  

mosphe re s .  
Let us now tu rn  to Eq. (12). The funct ions ~of this  

equat ion,  which have the form 

dV 
% = (P -I- L) d-P' 

are  shown in Fig. 3. 
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In con t ras t  to CB, CT do not have any ex t rema,  
taking a maximum value for  some subs tances  at a 
given P0, and a m i n i m u m  for others.  The width of the 
hor izonta l  par ts  cor responds  to equation (14), and 
there fore  for them the range of ext rapola t ion is of the 
same  order .  Table 3 shows the deviat ions of the ex-  

t rapolated specif ic  volumes 8 = Vcalc--Vexp.]00(%), 
Vexp 

ealcula ted from (15) and (12), from the exper imenta l  
values  for three  subs tances :  propylene [2], methyl  
alcohol [1], and wa te r  [7]. Fo r  reasons  of space we 
do not p resen t  detai led compar i sons  for the r ema in ing  
subs tances  invest igated.  The re su l t s  of these i nves -  
t igat ions a re  r ep r e sen t ed  in Table 4 by p r e s s u r e  in -  
t e rva l s  A p  within which the deviat ions 6 do not exceed 
0.3%. 

It is in te res t ing  to note that for some subs tances  
the e r r o r s  co r respond ing  to each of equations (15) 
and (12), and i nc r ea s ing  with p r e s s u r e ,  are  opposite 
in sign. We may c lear ly  es tab l i sh  a reasonable  l imi t  
of ex t rapola t ion  f rom the i r  difference.  The sign of 6 
depends on the type of ex t reme  value of functions r 
Since CB has only one ex t reme value,  the c o r r e -  
sponding devia t ions  are  always of one s ign--p lus .  As 
regards  functions CT, negat ive 5 's  co r re spond  to the i r  
max ima ,  and posi t ive to the i r  min ima .  But even in the 
las t  case ,  the l imi t  of ex t rapola t ion  may be de te rmined .  
If the deviat ions 6 a re  plotted agains t  p r e s s u r e ,  the 
curve  cor respond ing  to (12) will  have a much s m a l l e r  
slope. F o r  al l  the subs tances  we inves t igated ,  the 
deviat ions  at the point of i n t e r s ec t i on  of these  curves  
did not exceed 0.3%. Thus,  for methyl  alcohol at 20 ~ 
C the cor responding  6 = +0.16%; at 80" C, +0.01%; for  
ethyl alcohol at 20 ~ C, 0.15%; at 80 ~ 0.12%; for  ace -  
tone 0.26%; for hexane 0.08%. In Table 4 the ex t r a p -  
olat ion ranges  a re  es tab l i shed  f r o m  the m e a n  dev ia -  
tions 5 m. 

Because  there  was not enough expe r imen ta l  m a -  
t e r i a l  we were  not able to inves t iga te  the na tu re  of 
va r i a t ion  of A P  of one subs tance  in a wide t e m p e r a t u r e  
range.  Never the less ,  the conc lus ion  may be drawn 
f rom Table  4, that AxP d e c r e a s e s  with i n c r e a s i n g  
t e m p e r a t u r e .  Thus, at the same p r e s s u r e  P0 = 700 
atm,  methyl  alcohol has AxP on the o rder  of 3000 atm 
at r = 0.532; propylene  has 1800 atm at r = 1.160; 
n i t rogen  has 600 atm at ~ = 2.217. This is a lso to be 
expected, s ince  equat ions (6) and (12) were  intended 
to d e s c r i b e  subs t ances  in  the l iquid state.  It  is ev i -  
dent  that in  the gas reg ion  we should use  equat ions 
which de sc r ibe  the gas be t te r .  Since ZxP i n c r e a s e s  

with i nc r ea se  of P0, we suppose that the method de -  
sc r ibed  is applicable also to gases at high e n o u g h p r e s -  
su res ,  when the p roper t i es  of the gas are  close to 
those of a liquid. 

In conclusion we note that the extrapolat ion method 
presen ted  was used to supplement  the P, V, and T 
data of T imro t  et al. [13] on liquid oxygen from 200 
to 400 atm. F rom the expanded data an equation of 
s t a t e  was set  up, which descr ibed  with high accuracy  
both the exper imenta l  and the extrapolated quant i t ies .  

NOTATION 

P-pressure; T--absolute temperat~e. Tc-eritical temperature; 
r ~- T/Tc--dimensionless temperature; P0--maximum experimental 
pressure. 
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