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EXTRAPOLATION OF EXPERIMENTAL THERMAL DATA TO HIGH PRESSURES
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UDC 541.1

A method is given for extrapolating thermal data to high pressures. A
comparison is made of extrapolated and experimental values of the
specific volumes of ten substances.

A number of papers has been devotedtothe problem
of extrapolating thermal properties of substances to
high temperatures [11, 12, 14]. However, no methods
have as yet been found permitting reliable extrap-
olation to high pressures.

It is known that the constants of existing equations
of state depend on the method of conputation. For
interpolation of test data the methods chosen are
those which best satisfy the available test points. As
a rule, however, these equations give unreliable
values of the extrapolated quantities. It is clear that
better results may be achieved by treating the problem
of extrapolation as an independent one, and determine
the constants as those giving the bestdescription of the
P, V, and T properties within the limits of experi-
ment, It is expedient to determine these conditions as
follows. Let y(x) be an experimental isotherm, y(x,
Cgs ..., Cp)be a family of approximating curves cor-
responding to some equation of state or other. We
shall designate by x, the point up to which the ex-
perimental data exist. Then,

Y (X0, Co---C,) =y {x0),
!_J— (x0, Co---C,) =y (0},

—(n=—1)

(XD, CO‘ - Cn) == y(l‘l—l) (xl))v
y(n) (x01 CO‘ . Cn) = y(ﬂ) (xo)’ (1)

i. e., the approximation and experimental functions
have a common tangent, curvature, etc., at the point
Xge

It should be noted that these are the only condi-
tions which correspond equally to the known part of
the isotherm and the unknown part on both sides of
the point x;.

Calculation of the constants Cy, Cy, ..., Cp in-
volves determination of high-order derivatives from
the. tabulated experimental data, and we know that

these derivatives are not determined exactly. Never-

theless, the constants Cy, Ci, ..., C, may be deter-
mined with considerably greater accuracy than the
errors in the derivatives would dictate.

We shall assume that the equalities (1) hold.
Solving (1) relative to the constants C;, C;,
we obtain

ery Cpb

Cy= @o [%e, ¥ (%0), Y (%0)s -oey Y™ (%),

o) = @1 [0, ¥(%o), ¥ (x0), ..., Y (x0}],

Cn =@y [Xo, y(x0)1 !/I (x0)7 L) y(n)(xo)]' (2)

If the last equation of (1) is dropped, the quantities
Ci, apart from x; and the derivatives, will depend on
C,, and on the parameter

Co=pilx, y(xa) ¥ (o), o 4 (x0), ol (3)

Replacing x, in (3) by x and substituting the value of
Cp calculated from (2), it is easy to show that

dhl . 4)

The functions

C; = P [%0, y{%0),

y,(xO)v seey y(n-«k) (x())y Cn—k+1y ceey Cn]7 (5)
have the same property, where Cp-k+1,
calculated from (2).

As an example, we shall examine the Biron iso-
therm equation [8]

(P4C) (V— A) =B. (6)

It has three constants—A, B, C. In this case (1) has
the form

.., C,are

[B/(Po - O)] + A =V (Py),

B dv
| ————eri T2 e :V' P s
R AL
2B a¥
— ==L =V"(P,). 7
(P0+C)3 dP2 pp, ( 0) ( )

Solving (7) relative to constant C, we obtain
Co= P -2V (P)/V" (Po). (8)

Solving the first two equations of (7) relative to A, for
example, we have

A= Yg[Po, V (Po), V' (Po), C] = (Po + C)V' (Po) + V (Po). (9)
It follows from (4) that

dg

TdP |e=ps
Therefore, the function ¥y has an extreme value at the
point P = P,. If Cy has been determined inaccurately
because of inaccurate determination of the second de-
rivative V"(Py), it is clear that the extreme value of
function ¥ will not be at the point Py, but at some

=[(P+C) V' (P)+ V(PN =0. (10)
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Table 1

[ S
(]
—

Values of Specific Volume of Liquid Propylene with t = 66°C, Pj - 700 atm

(P, atm; V, amagat)

Vtheor from (6)

T
‘

r Vexp from [2]|by the author's|by the method of |by the author's |by the method of
method least squares method least squares
1000 0.003194 0.003195 0.003185 —+-0.03 —0.28
1500 ).003036 (.003042 0.003077 -0.20 1.37
2000 0.002920 0.002943 0.003017 -+-0.80 3,35
Table 2

Values of Specific Volumes of Ethyl Alcohol and Propylene (P, atm; V, amagat)

P v Vcale 0.%
xp according to (6) |according to (15)] 2ccording to ‘ according to
(6) (15)
ethyl alcohol [1},t=0*C
1000 0.9344 0.9347 0.9345 --0.03 0.00
2000 0.8954 0.8980 0.8956 -+0.29 -+0.02
3000 0.8679 0.8740 0.8688 -1-0.69 +0.10
propylene {2],t=100*C"
1000 0.003316 0.003318 0.003313 +0.06 —0.10
1500 0.003126 0.003145 0.003124 +0.61 —0.07
2000 0.002993 0.003040 0.003003 -+1.57 --0.34
2300 0.002936 0.002995 0.002948 +2.04 —+0.42
Table 3

Comparison of Extrapolated Values of Specific Volumes of Substances with
Experimental Values (P, atm; V, amagat)

Water [7] Methyl alcohot [1]
1=50° C, P¢=690.8 t=0° C, P¢==T00
P v &, % P v s, %
exp from (15) ] from (12) ’ mean exp f(rlosn)x ?fg)‘ l mean
986.9 0.9734 0.00 0.00 0.00 j 1000 | 0.9324 {--0.01| 0.00] 0.00
1935.7 0.9439 ~+0.04 -+-0.03 -+0.03 | 2000 | 0.8923 |—0.03]+0.07]+0.02
2903.5 0.9201 ~-0.01 +0.01 —+0.01 | 3000 | 0.8640 |4-0.03}+0.13]-40.08
3871 .4 0.8997 +0.06 0.00 +0.03
4839 .2 0.8824 +0.09 —0.07 -+0.01
5807.0 0.8668 -+0.22 —0.08 --0.07
Propylene [2]
t==100° C, P4=300 ] 1==150° C, Pg==700
P &, % P B, %
v v
exp from (15) [ from (12) l mean exp ?105' f(rloix)x | mean
500 0.003662| —0.05 +0.03 —0.01 j 1000 | 0.003505|—0.11]-+0.03{ --0.04
700 0.003489| +0.09 —0.05 +0.02 § 1500 | 0.003267|--0.03}+0.06] —-0.05
900 0.003367, 0.4 —0.18 -+-0.14 | 2000 | 0.003115{--0.26|—0.13] --~0.07
1000 0.003316] --0.70 —0.24 --0.23 | 2500 | 0.003010]—0.51 ~0.37‘ --0.07
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Fig. 1. The function ¢p for hexane {5] on the isotherm
50° C for values of C of: 1) 16894; 2) 2662; 3) 3629. P)
pressure, atm.

by Py / Ppd3
— T — ~:\-—J
00025 F ~ —
7 -
080
20020 : 5
— e T — A T
- - ~—— ‘—-\h — ‘\ 075
S
0 " s00 000 1500 2000 7

Fig. 2. The functions~yp (continuous lines) and 4
(broken lines): 1) propylene [2] at temperature 100°
C; 2) ethyl alcohol [1] at temperature 0° C, P in atm.
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Fig. 3. The functions §T: 1) ethyl alcohol [1] on the
isotherm 0° C; 2) hexane [5] on the isotherm 50° C.
' P in atm.
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Table 4

Range of Extrapolation AP Within Which the Deviations of the
Extrapolated Values of Specific Volumes from the Experimental
Values Do Not Exceed +0.3%

Substance t Py, atm (AP, atm| ¢, °C Py, atm | AP, atm Refer

ence
Methyl alcohol 0 700 2300%) 80 1000 4000 I 1]
Ethyl alcohol V] 700 2300*) 80 1000 4000 1
Acétone 0 700 2300%) i
Diethyl ether 0 700 2300*) !
Water 50 690.8 | 5300%) 7
Hexane 50 967.8 3000 N]
Heptane 5 967.8 5000 237.78 272.2 400%) 5
" 137.78 272 .2 400*) 4.6 272.2 400*) 9
Propylene 66.3 700 1300*) 100 700 1600 2
" 100 300 700 150 700 1800 2
Ethyiene 50 590 1400 3
Nittogen 0 800 600 4

*The range shown is incomplete because of insufficient experimental data,

other point. In other words, as parameter C changes,
the extreme value will move along the P axis. This
fact may be used to improve the accuracy of the value
of C, by correcting it so that the extremum will cor-
respond to point P Substituting the value of C obtained
into (9), we find A. Itfollows from (5) that the function

B = Vg (P, V, Ay, Co) = (P Co) (V—A) (11)
also has an extremum at the point P when C; and A,
are correctly determined, which makes possible a
secondary correction of constants A and C without
recourse to the differentiation table.

Two equations have been investigated in this paper:
the Biron equation (6), and the Tate equation [10]; the
latter has the form

V.- Kla(P L) =E, (12)

where K, L, and E are constants. These equations
give a good description of the thermal properties of
liquids, while having a small number of constants,
which facilitates correction. The investigation was
carried out according to experimental thermal data
for ten substances: methyl and ethyl alcohol, acetone,
diethyl ether, water, hexane, heptane, propylene,
ethylene, and nitrogen.

It may be seen from Fig. 1 that the extreme values
in the given case are maxima. A similar configura-
tion ¢ is also typical for the other substances. Points
of inflection correspond to extreme values of the func-
tion vp.

A comparison is made in Fig. 1 of extrapolated
values of specific volumes of liquid propylene at
temperature 66° C with the test data of Michels et
al {2]. The calculation was carried ouf according to
(6), whose constants were determined by the above-
mentioned method with Py = 700 atm, and by the meth-
od of least squares, taking into account all available
experimental points from pressure 35.78 to 788.4 atm.

Table 1 shows the advantages of the proposed
method of determining the constants for extrapolating
thermal data. A similar result is also obtained for

the other substances. It is evident that the extrapola-
tion interval will depend on how closely contiguous
the experimental isotherm and the approximating
function are, i.e., on the size of the horizontal part
of the y—P graphs. This part may be considerably
enlarged by adding to the function y of equation (6)
the term |[A — mV}/n, in which m is determined from
the relation A — mV = 0. Verification with the ten
substances showed that the quantity n may be assumed
equal to 3 for P; < 900 atm, and 4 for P, > 900 atm,
independently of temperature and the nature of the
substance. Equating the function

Ty = Yyt [A—mVi/n

to the constant A, we obtain a new approximating
function

(13)

pro Ly Az (14)
dP n
which after integration takes the form
(P+C) @V—A)"=B. (15)

The constants of (15) are connected with those of (6)
by the relations

w=Ll+min; A= (141/n) A whenV > Vo,
p=l—mjn; A=(1—1/n)A whenV -ZVq.

Equation (15) transforms into (6) when u = 1.

The functions $B’ and ;DB for propylene and ethyl
alcohol are shown in Fig, 2, and a comparison is
made in Table 2 of the extrapolated specific volumes
of the same substances, calculated according to (6)
and (15), with the experimental data for Py = 700 atm.
It may be seen from the table that the extrapolation
interval of (15) is enlarged to several thousand at-
mospheres.

Let us now turn to Eq. (12). The functions $ of this
equation, which have the form

av
- (P L)%,
Pp = (P )dP

are shown in Fig. 3.
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In contrast to Yy, ¢ do not have any extrema,
taking a maximum value for some substances at a
given Py, and a minimum for others. The width of the
horizontal parts corresponds to equation (14), and
therefore for them the range of extrapolation is of the
same order. Table 3 shows the deviations of the ex~

is Vcalc'~ Vexp
trapolated specific volumes § = ———T/;P——— -100( %),
calculated from (15) and (12), from the experimental
values for three substances: propylene {2], methyl
alcohol [1], and water [7]. For reasons of space we
do not present detailed comparisons for the remaining
substances investigated. The results of these inves-
tigations are represented in Table 4 by pressure in-
tervals AP within which the deviations § do not exceed
0.3%.

It is interesting to note that for some substances
the errors corresponding to each of equations (15)
and (12), and increasing with pressure, are opposite
in sign. We may clearly establish a reasonable limit
of extrapolation from their difference. The sign of &
depends on the type of extreme value of functions .
Since z/JB has only one extreme value, the corre-
sponding deviations are always of one sign—plus. As
regards functions T, negative é's correspond to their
maxima, and positive to their minima. But even in the
last case, the limit of extrapolation may be determined.
If the deviations § are plotted against pressure, the
curve corresponding to (12) will have a much smaller
slope. For all the substances we investigated, the
deviations at the point of intersection of these curves
did not exceed 0.3%. Thus, for methyl alcohol at 26°
C the corresponding & = +0.16%; at 80° C, +0.01%; for
ethyl alcohol at 20° C, 0.15%; at 80°, 0.12%; for ace~
tone 0,26%; for hexane 0.08%. In Table 4 the extrap-
olation ranges are established from the mean devia-
tions &,,.

Because there was not enough experimental ma-
terial we were not able to investigate the nature of
variation of AP of one substance in a wide temperature
range. Nevertheless, the conclusion may be drawn
from Table 4, that AP decreases with increasing
temperature. Thus, at the same pressure P, = 700
atm, methyl alcohol has AP on the order of 3000 atm
at 7 = 0.532; propylene has 1800 atm at r = 1.160;
nitrogen has 600 atm at r = 2.217. This is also to be
expected, since equations (6) and (12) were intended
to describe substances in the liquid state. It is evi-
dent that in the gas region we should use equations
which describe the gas better. Since AP increases
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with increase of Pj, we suppose that the method de~
scribed is applicable also to gases at high enoughpres-
sures, when the properties of the gas are close to
those of a liquid.

In conclusion we note that the extrapolation method
presented was used to supplement the P, V, and T
data of Timrot et al. [13] on liquid oxygen from 200
to 400 atm. From the expanded data an equation of
state was set up, which described with high accuracy
both the experimental and the extrapolated quantities.

NOTATION

P—pressure; T—absolute temperature. T-—critical temperature;
T = T/T—dimensionless temperature; Py —maximum experimental
pressure.
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